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We employ high-order degenerate laser cavities to analogously investigate the morphology of macroscopic
superposition states of three-dimensional coherent waves. The spatial features of macroscopic superposition
states are found to exhibit dashed and dotted wave patterns. We evaluate the mode volume to explore the
domination of macroscopic superposition states. A large-aperture laser resonator is experimentally
implemented to confirm the theoretical results.
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I. INTRODUCTION

The coherent superposition principle has attracted a great
deal of attention because it plays a significant role in explor-
ing the boundary between microscopic and macroscopic
worlds �1–3�. The macroscopic superposition states, gener-
ally referred to as Schrödinger cat states �4�, illustrate a re-
markable contrast between the quantum world and the clas-
sical experience. So far, some progress has been made in
demonstrating the macroscopic superposition states in vari-
ous systems such as the Rydberg atomic electron states �5�,
photons in a microwave cavity �6�, and the superconducting
condensate �7�. Despite that, there has been no experimental
demonstration of the morphologies of wave functions con-
cerning the macroscopic superposition states.

In the past few decades, the quantum formulism has been
increasingly recognized to be of great importance in describ-
ing distinct branches of physics because of the underlying
structural similarity. For instance, the quantum description
has been applied to numerous areas, including charged-
particle-beam physics �8�, plasma physics �9�, nonlinear op-
tics �10�, mesoscopic physics �11�, and laser physics �12–15�.
One of the most striking and profound similarities is that the
electromagnetic wave equation in paraxial approximation is
isomorphous to the Schrödinger equation �16�. This analogy
has been increasingly used to provide an experimental visu-
alization in optical context for confirming many quantum
effects, such as quantum chaos phenomena �17,18�, disorder-
induced wave localization �19�, geometric phases �20�, and
the issue of quantum tunneling �21�.

Spatial structures of laser modes in broad-area resonators
have recently received much interest for providing a deep
insight into the pattern formation of natural waves �22–30�.
More recently, the three-dimensional �3D� coherent laser
modes emitted from degenerate cavities have been precisely
explained via the quantum stationary coherent states of the
commensurate anisotropic 2D harmonic oscillator �31–36�.
The excellent conformity between the experimental laser
waves and the quantum coherent states enables us to utilize
the laser coherent waves to look into the spatial morphology
of macroscopic coherent superposition.

In this work we present analogous investigations on the
spatial morphology of macroscopic coherent superposition
with the 3D coherent laser waves that have been experimen-
tally confirmed to be generic stationary modes in large-
Fresnel-number degenerate resonators. We start by numeri-
cally demonstrating that the superposition of two 3D
coherent waves brings about the emergence of spatially dis-
crete localized patterns that include various dashed and dot-
ted wave patterns. To realize the macroscopic superposition
states, we make use of a high-quality degenerate laser cavity
to excite extremely high-order coherent stationary modes.
Experimental observations not only confirm the existence of
the superposition of 3D coherent laser waves, but also pro-
vide striking information for the morphologies of macro-
scopic quantum superposition states in an analogous way.

II. MORPHOLOGY OF THE MACROSCOPIC
SUPERPOSITION OF 3D COHERENT WAVES

Experimental observations manifested that the
longitudinal-transverse coupling and the mode-locking effect
in large-Fresnel-number spherical laser cavities generally
drive the bare ratio between the transverse and longitudinal
mode spacing, �, to be locked to a rational number P /Q,
forming an interesting fractal structure �36�. Consequently,
the laser modes more often than not exhibit 3D coherent
waves that are transversely localized on the Lissajous figures
with the relative phase continuously varying with the longi-
tudinal direction. Here we perform systematic numerical cal-
culations for exploring the pattern formation of the superpo-
sition of 3D coherent waves. In terms of the quantum
coherent state, the 3D coherent optical waves can be gener-
ally expressed as �36�

�mo,no,lo
p,q,s �x,y,z� =

1
�M + 1

�
k=0

M

eik�o�mo+pk,no+qk,lo+sk
�HG� �x,y,z� ,

�1�

where the parameter �o is the relative phase between the
adjoining Hermite-Gaussian �HG� modes �m,n,l

�HG��x ,y ,z�
which are given by �37�
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�m,n,l
�HG��x,y,z� =

1
�2m+n−1�m ! n!

1

w�z�
Hm� �2x

w�z�
�Hn� �2y

w�z�
�

�e��−x2+y2�/w�z�2�ei�m+n+1�tan−1�z/zR�

�e−i��z/L��l+�m+n+1�P/Q���x2+y2�/2�z2+zR
2 �+1�, �2�

where m and n are the indices of x and y coordinates, w�z�
=wo�1+ �z /zR�2, wo is the beam radius at the waist, L is the
effective cavity length, and zR is the Rayleigh range. Note
that the order indices mo, no, and lo are greater than the
number index M by far and the integer s is taken to be
negative for convenience. Hereafter we abbreviate
�mo,no,lo

p,q,s �x ,y ,z� to be �mo,no

p,q �x ,y ,z� because the indices lo and
s obey the equations lo+ �mo+no+1��P /Q�=2� /L and s
+ �p+q��P /Q�=0, respectively, where � is the lasing wave-
length. Figure 1 illustrates numerical results for the tomog-
raphic transverse patterns of the 3D coherent state
�mo,no

p,q �x ,y ,z� described in Eq. �1� with �mo ,no�= �100,100�,
�p ,q�= �5,−3�, P /Q=1, �o=0, and M =6. It can be clearly
seen that the transverse patterns of the 3D coherent wave are
localized on the Lissajous curves with their relative phases
varying with the position z. With the result of the spatial
feature of the stationary coherent states of the 2D quantum
harmonic oscillator �32–35�, we can deduce that the 3D co-
herent waves �mo,no

p,q �x ,y ,z� have the intensity distribution
concentrated on the parametric surface:

x�	,z� = �mow�z�cos	q	 −
��z�

p

 ,

�3�
y�	,z� = �now�z�cos�p	� ,

where 0
	
2�, −� 
z
�, and the z-dependent phase
factor is given by

��z� = �q + p�tan−1�z/zR� + �o. �4�

It is worth noting that the phase factor ��z� of Eq. �4� arises
from the Gouy-phase difference between the HG modes with
distinct transverse orders.

In terms of the 3D coherent waves of Eq. �1�, a superpo-
sition of two distinct coherent states can be generally written
as

�m1,n1;m2,n2

p,q �x,y,z� = ��m1,n1

p,q �x,y,z� + ei��m2,n2

p,q �x,y,z��/�2,

�5�

where � is an arbitrary phase. The spatial feature of the
macroscopic superposition of Eq. �5� can be manifested by
setting �=0 without loss of generality. Figure 2 depicts nu-
merical results for the transverse morphologies of three mac-
roscopic superposition states �100,100;105,105

4,−3 , �100,100;110,110
4,−3 ,

and �100,100;120,120
4,−3 with z=0, �o=0, and M =6. It can be seen

that pair interference between 3D coherent waves gives rise
to striking spatial features that consist of various dashed and
dotted wave patterns. The distinction among the long-
dashed, short-dashed, and dotted structures arises from the
transverse-order difference �n1−n2� and �m1−m2� between
two coherent states in �m1,n1;m2,n2

p,q . On the whole, increasing
the transverse-order difference causes the spatial feature to
change from a dashed wave pattern to a dotted wave pattern.
To be brief, the macroscopic superposition of Eq. �5� reveals
a striking phenomenon of the spatial beat that can be per-
ceived as a spatially periodical variation in the 3D coherent
waves. Although the transverse orders �m ,n� of the numeri-
cal patterns in Figs. 1 and 2 are in the range of 100–140, the
spatial features are nearly the same for the superposition of
3D coherent optical waves with higher transverse orders.

As shown in Fig. 1, the transverse pattern of the 3D co-
herent wave varies with the propagation position z because
of the phase factor of Eq. �4�. Therefore, the spatial feature
of the macroscopic superposition is expected to reveal a
similar revolution. Figure 3 depicts numerical results for the
tomographic transverse patterns of the macroscopic superpo-
sition �100,100;110,110

3,−2 along the longitudinal z axis with P /Q
=1, �o=� /2, and M =6. It can be seen that the tomographic
transverse patterns of the superposition of 3D coherent opti-
cal waves display the revolution of the spatially localized
patterns along the longitudinal axis to form a complete 3D
interference pattern. Similar spatial patterns can be extended
to other waves of wave physics because of the analogy be-

Rzz 0.6�� Rzz 0.2�� Rzz 0.1��

Rzz 0.0� Rzz 5.1� Rzz 0.4�

FIG. 1. �Color online� Numerical results for the tomographic
transverse patterns of the 3D coherent state �mo,no

p,q �x ,y ,z� described
in Eq. �1� with �mo ,no�= �100,100�, �p ,q�= �5,−3�, P /Q=1, �o=0,
and M =6.

3,4
105,105;100,100

��
3,4

110,110;100,100
�� 3,4

120,120;100,100
��

FIG. 2. �Color online� Numerical results for the transverse mor-
phologies of three macroscopic superposition states �100,100;105,105

4,−3 ,
�100,100;110,110

4,−3 , and �100,100;120,120
4,−3 with z=0, �o=0, and M =6.

LU, CHEN, AND HUANG PHYSICAL REVIEW A 77, 013828 �2008�

013828-2



tween the classical electromagnetic wave and other wave
phenomena �8–15�. In particular, the paraxial wave equation
for propagation along the z axis can be mapped onto the
Schrödinger equation of a free particle in two dimensions,
where the z coordinate is replaced by the time variable
�16,38,39�. In the following, we will describe how to use a
high-quality laser cavity to demonstrate the existence of
these macroscopic superposition states.

III. REALIZATION OF MACROSCOPIC SUPERPOSITION
STATES

To realize the macroscopic superposition states of 3D co-
herent laser waves, a critical issue that needs to be addressed
is whether these states can be generated from large-Fresnel-
number degenerate cavities. From the viewpoint of the
stimulated emission, the coupling strength between the gain
medium and the cavity mode is determined by the ratio
Q /Vef f, where Q is the quality factor and Vef f is the effective
mode volume. In general, there are numerous high-order
cavity modes to have the Q factor close to the maximum
value as long as these modes have optimal spatial overlaps
with the pump distribution. Among these high-quality cavity
modes, however, only the mode with the minimum mode
volume can have the lowest lasing threshold to break into
oscillation at first. For a normalized wave function �, the
mode volume is expressed as �40,41�

Vef f =
1

� � ���4dxdy

. �6�

Figure 4 shows representative numerical results for the mode
volume as a function of the transverse order m for the HG
modes of Eq. �2�, the 3D coherent waves of Eq. �1�, and the
macroscopic superposition of Eq. �5�. The values of the pa-
rameters used in the calculation are as follows: �=0, �o=0,
n=m, n1=m1=m, n2=m2=m+10, �p ,q�= �3,−2�, and M =6.

As seen in Fig. 4, the mode volumes of the HG modes are
smaller than those of the 3D coherent waves for low trans-
verse orders. However, this situation becomes opposite when
the transverse orders are sufficiently high. The 3D coherent
waves consequently turn out to be a preferred set of resonant
states in the high-order regime. For higher transverse orders,
the macroscopic superposition states can lead to the total
mode volumes being smaller. Therefore, it is possible to gen-
erate the macroscopic superposition states if the two super-
posed 3D coherent waves are simultaneously excited by
controlling the pump distribution.

We recently used the off-axis pumping scheme to effi-
ciently generate the 3D coherent waves localized on the Lis-
sajous parametric surfaces in a symmetric laser cavity with
extremely low losses �17�. However, the corresponding mac-
roscopic superposition states were not manifestly observed
because the clear aperture of the conventional gain medium
was approximately 2 mm that was not large enough to gen-
erate the lasing modes with the transverse order greater than
the critical number, as discussed in Fig. 4. To overcome this
hindrance, we prepare a gain medium with a transverse ap-
erture up to 8 mm in the present experiment. Figure 5 shows
a photograph of the symmetric laser cavity. The spherical
mirror was a 10-mm radius-of-curvature concave mirror with
antireflection coating at the pumping wavelength on the en-
trance face �R
0.2% �, high-reflection coating at lasing
wavelength �R�99.8% �, and high-transmission coating at
the pumping wavelength on the other surface �T�95% �.
The gain medium was a 2.0 at. % Nd:YVO4 crystal with a
longitudinal length of 2 mm and transverse cross section of
8�8 mm2. Both surfaces of the laser crystal were coated for
antireflection at the pumping and lasing wavelengths. The
pump source was a 1-W 808-nm fiber-coupled laser diode
with a core diameter of 100 �m and a numerical aperture of
0.16. A focusing lens was used to reimage the pump beam
into the laser crystal. The pump radius was estimated to be
25 �m. A microscope objective lens mounted on a transla-

Rzz 0.9�� Rzz 8.1�� Rzz 6.0��

Rzz 0.0� Rzz 6.0� Rzz 0.7�

FIG. 3. �Color online� Numerical results for the tomographic
transverse patterns of the macroscopic superposition �100,100;110,110

3,−2

along the longitudinal z axis with P /Q=1, �o=� /2, and M =6.
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FIG. 4. Numerical results for the mode volume as a function of
the transverse order m for the HG modes of Eq. �2�, the 3D coherent
waves of Eq. �1�, and the macroscopic superposition of Eq. �5�. The
values of the parameters are as follows: �=0, �o=0, n=m,
n1=m1=m, n2=m2=m+10, �p ,q�= �3,−2�, and M =6.
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tion stage was used to reimage the tomographic transverse
patterns inside the cavity onto a charge-coupled-device
�CCD� camera.

With the off-axis pumping method, the transverse orders
of the excited coherent waves can be up to the range of
100–1000. Experimental results reveal that numerous macro-
scopic superposition states can be stably generated by adjust-
ing the cavity length in the range of 16–20 mm with a pump
spot radius approximately 25 �m. The experimental far-field
patterns were observed by directly projecting the output laser
beam on a paper screen at a distance of 
50 cm from the
laser cavity and were recorded by a digital camera. Figure 6
shows eight typical experimental far-field patterns observed
in different cavity lengths. The experimental results depicted
in the first and second rows of Fig. 6 are the macroscopic
superposition states with dotted and dashed wave patterns
localized on the Lissajous figures, respectively.

Figure 7 shows the experimental tomographic transverse
patterns for �p ,q�= �3,−2� corresponding to �=1. The to-
mographic transverse patterns inside the cavity can be clearly
seen to display the revolution of the spatially localized pat-
terns along the longitudinal axis to form a complete 3D in-
terference pattern. More importantly, the experimental pat-
terns are in good agreement with the feature of the
theoretical results shown in Fig. 3. The structure of the spa-
tially localized patterns is found to be highly stable. It is
worthwhile to mention that the 3D coherent states have the
properties of the pointer states which evolve into periodic

rays and remain robust in the presence of the environment
coupling �42–44�. To be explicit, the formation of 3D coher-
ent waves is consistent with the process of the decoherence-
induced selection of the preferred pointer states that was
termed einselection �42,43�.

Further increasing the pump-to-mode size ratio, the
superhigh-order coherent modes can be generated flexibly
and superposition of the coherent modes can be achieved in
the laser cavity. Figure 8 shows the dotlike interference pat-
terns of the superposition of the superhigh-order coherent
modes with strong localization on Lissajous figures. The in-
dices �p ,q� are generally limited by the magnitude of the
excited transverse orders.

IV. CONCLUSION

The 3D coherent laser modes that form a preferred set in
high-order degenerate cavities have been employed to inves-
tigate the spatial features of macroscopic superposition states
in an analogous way. Numerical analysis reveals that the
spatial beating leads to the characteristic morphology of
macroscopic superposition states to be dashed and dotted
wave patterns, the distinction of which is dependent on the
difference between the transverse orders of two 3D coherent
states. Moreover, we have calculated the mode volumes of
various stationary high-order modes to explore the prospect
of generating macroscopic superposition states. Finally, we
have used a large-aperture laser system to experimentally
realize the macroscopic superposition states. The structures

gain medium

cavity mirror

cavity mirror

FIG. 5. �Color online� Photograph of the experimental laser
cavity.

(2,-1) (3,-2) (3,-1) (5,-4)

(5,-4) (7,-5) (4,-3) (6,-5)

FIG. 6. �Color online� Typical experimental far-field patterns
observed in different cavity lengths for different indices �p ,q�.

Rzz 0.6�� Rzz 0.2�� Rzz 0.0�Rzz 0.4��

Rzz 0.6�Rzz 0.2� Rzz 0.3� Far-field

FIG. 7. �Color online� Experimental tomographic transverse
patterns for �p ,q�= �3,−2� corresponding to �=1.

(7,7) (-7,11) (1,10)

FIG. 8. �Color online� Experimental far-field patterns for the
macroscopic superposition of the superhigh-order coherent modes.
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of the macroscopic superposition states are also experimen-
tally confirmed to be highly stable and easily reproducible.
The essential properties of the cavity for observing the mac-
roscopic superposition states are mainly composed of the
longitudinal-transverse coupling, the mode-locking effect,

and the larger aperture for generation of high-order trans-
verse modes. The present results certainly proffer informa-
tive insights into the spatial morphology of the
coherent superposition in mesoscopic and macroscopic
regimes.
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